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In order to estimate the effects on mounted appa-

ratus of shock or impact loading, simplified elastic systems
‘may be taken to represent the actual structures, so as to
- make possible mathematical analysis. One such simplified
§ - - system is'a simple mass-spring system attached to the frame
(. - or table which_is subjected - -to shocK. “An_gnalysis of the

oo - probable damage done to this system by a drop test type
- of impact has been/made:Previouﬁly." Another system is a

cantilever beam, whose clamped end is subjected to a speci- -
fied transvérse impact. This system differs fundamentally - - - -
il the -simple mass-spring systém in that its flexibility '
ags. are.distributed; . rather . than.luaped...
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7;pg§in§xagngﬁxgg;gmgpgp_;qgtgor—e%heg-simpliﬁ_ -shpook L
ings, It 1s Tound that the mazimun stress

considered as

- & Tuncbion of the duration of impact, differs considerably -
from those of the simple,massnspring‘systgm.' o : : e
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Influence of Duration of Impact on

Damage to Some Elastle Systems
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Appendix 1
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SoluLion of Problem of Cantilever Beam

“Subjected to Drop Test Type of Transverse

Impact

Maximum Force on & Spriung Mounted Llement
Caused by a Drop Test

‘Max imum Bendlng Siress of a Ca ntllever Beam
iic & Drop Test——- -
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(A} Autherigation
. 1. This work was authorized by Bureau of Ships Pro=
jeot 1438/42 of 24 September 1941.
17 r
{B) Statement anﬂ Digzus ion nf Problem

2. The proper protection and design of apparatus to
ehable it to withstand severe mechanical shoek is-a pfoblem
of forsmest importance, Considerable has been learned.of

- the nsture of the mechanical shock that shipboard apparatnq

-~ must -be expected to withstand, Some of this knowledge has

: " heen applied in the construction of haval gear. Desligners
have, however, been handicapped by @ lack of fundamental:

knqylepg% nf the damaging effects of shock npulsa of

')qzof enormous S0 Bnth tha,varigtigs of

merahle’ Ar-

P SR gr

Pl eRils Lypes of appar
& - eusgion of thid nroblem must *Eeré*ﬁfe bégin withimany -
d - - zisumptlons and s mpllcation “#hich muét always be kept
in mind., An analy i of part of this problem was made by \
”ﬁr_ B, D, Mindlin tI)* +in which the «amage effect wss considered

ander ccnd;»;ons,;epresenuiﬂg thdse of a "drop-test'”, An
‘apparatus for the performance .of a test of this E?ture is
desaribed by the American Sbanddrd Association.( Figure
) shows a simplified picture of ,

- the grrangement- considered by .= -
Mindlin. A heavy, rigid table Elemert

of mass M has a light, rigid o
- mass, my, flexibly mounted on ék‘ -
it-by spring ky. 4 spring : .
bumper, K, is &ttached to the | M
“lower side of M. The assembly ) F 3
Talle = distance & and strikes  7Téadle™ 7% o
i1 plate. Tho direction *
lon of M is Teverqe& in
s
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—'desired.to.determine.the prob~ . 7z ﬂ[ o Kj
“-abilityvo waamage t°,¢? /bqam. n~;?' * = :T- ;.

4 The motion of the mazs

B My relative to M is a
function of their respective masses, the spring constants,
and the strilking velocity. The maximum relative displace-

»

ment, which is the amount by which the spring ky 1 con-
pxnsac4, nay be »aksn as. a meabu"e of the possivie damaging
effect on the system, of a given shock of this type. Thus
for the system shown in Figure 1, an estimate of the probable
damage to the mounted element, or to the spring k may he
obtained from the solutien of the deflection of tﬁe spring.

5. Another case of fundamental interest is illustrated
in Figure 2, A light cantilever beam is horizontally mounted
ch a rigid, heavy table, M, A

sFrmg bumper, K, is attaghed ‘ Clapbi /ec/er Beczm
o tha lower side of the table. A

Lne assemnoly is dropped, as s mamnrrmmnt” o N

the previous case, and lt is § M .1.

Figure 2

&, The probable damdge tc the beam by the impuct
is assumed to be determined by the maximum bending stress
in the beam. Hence the criterion of the severity of the
impact -in this case ls-the curvature of the beam-at its
clamped end, rather than the displacement of the beam., Thus
Lo evaluate the effect of the shock we have to obtain first
the deflection curve of the beam, and from this derive the

curvature at the clamped end, both during and following - o

the impact. These are givan as general functions of th°
table "stopping fregquency" o, the striking velccity V, and
the elagtlc DpoCftlQSiaf the beam, by an analysis given

later in this re nort.

ANATYEIA QF DEFLECTTON AND STRESS T

=
=3

CANTILEVER BEAM

The system considered is shown in Figure 2. The
er beam is assumed to be iight in comparisor with
b e, so that the motion of tﬁe twable during the im-
et ia governed only by its own mass and tic bumper spring
sstant. The motion of ths table during the impact is

:n‘m-
— <

. . P
-V sint ozt ¥
@ .

(3]

whiere up = displaceme % of table (= displacement of ciamped end of bean )

ali




i . V = J2gh = velocity of table just befors impact

(DQ!

J

=i |

(see Flgure 2) . —

The quantity masﬁfur will be referred to as the "stoppin
frequency" of the table. There is, of course, no oon*in-
uous vibration of the table at this frequency. The dura-
tion time of the impact 15 T =J. It is assumed that after
the impact 1s completed, i.e. fort» &, no forces act on
.*the system. o @ - '

8, The deflection curve of the beam is the ol&tion’-
of the part1a1 differential equation

which satisfies the reaulred bsundary conditions, both
.- - Auring and Tollowlng the 1mpa¢t In this equation u(x,t)
is the displacement of the bsam mP&quPd from its initial
straight nnsitinn at kthe start of the impact, @ is the
weight per ynit length of the beamy E is Young s modulus,
I is the crogs-sectional moment of inertia of the beanm,

and g is the' acceleration due to gravity. A complete .
solution of: this problem is given in Appendix 1 of this -
report, - ,

RESULTE AXD CO%CLUSIGN : ' i

9. L enrve showing the maxi wm deflection of the ; :
. spring, k,, which is a meagure of damage provability for 3

the first considered case {see paragraph 4 and Fig, 1) _
— " iz given inm Plate 1. Thl?, urve was plotted from the equa=- T
tlons derived by Mindlin.\*’/ For the inﬁerpretation of ;
this gragh it ic hest to consider a figed arrangement of [
mounted apparatus, l,2. conslder oy a parameter of any
fixed value. [Ihe variables congidered are then x and .
The time of jimpact is the half period correspondi?g to
w, which is egqual to g. The graph indicates that the prob-
ability ol damage (se@ paragraph 4) increases as o ih=

creases until a maximum value is reached. with nothing '
Inpemad [ TPmww 171
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practicai <on SldEfati.LUﬁb this maiimuin vaiuve is abbained

when o = 3wy, This means that the probability of damage

Is independenrt oi the [mpact t1 me, if the impact time 1is
= short "ﬂmp‘?“d #ith the pericd of the flexibiy mounted



B apparatus. It means that, under those conditions, the
- change of velocity is the important factor, and that

| magnitudes of accelerations invelved, for a given veloc
change, are of little importance.

x"\ ¢t D

~he
ity

1G0. Tn the above analysis the mass of the flexible
mounting was neglected.  Plate 2 illustrates the effect of
impacts of various time durations on a cantilever beam,
which is a system with distributed flexibility and mass,
The bending stress at the clamped end of the cantilever
beam 1s plotted as a function of the "stopping frequency"
of the table, The impact time is, as bafore, equal to one .
halt the period assoclated with this frequency, or &. The 7 f
frequency and other properties of the beam should be econ- s
sidered as.fixed parameters for any given set-np. The P o
curve demonstrates that, for a given velocity change, the .
" bending stresses continue to increase as the time of
. -inipast: detreases. - Thus high: magnitude acgelerationsy of , . ... oo o

’3$mme duratfbn short compared to fhe period“of the beam, u" A

uay UE‘ DJ. bOILSldE?TaD.LE ;meortance 1!’1 CH,A.S case’ 1!1 CDHBTE S
;ygﬁthe previous case. It has been determined that the maxi- :
ram hending strany =t the Tiampad and aceurs during the
1mpact when @/, «1, and after the impaet when®/o,»i.x The
curves of azates 1 and 2 are quantitative 1in nature and
provide means cf nst"ma“‘g numerical values for pr

mﬂ problems that may be gimplified Lo fit the assumed
conditions. It should be. noted that, as far as mathematical
analysis is concernsad, the present sslution appiies to many
types of shock or impact loading .of elastic structures,

as well as to the "drop test® type of shock: For example,
if a velocity -V were SLoerlmpased on all parts of the
systems 1llustrated in Figs. 1 znd 2, the motion of the

table would appFOX¢H&TC hhat of uhe envil platc of a hammer-
type.shock machine., However, tiie guestions ol the suita-
bilitv of using a sinuszoldsl displacement fupnction, and of
the interpretation of the analytical results, must be
decided by expcrimental work. This is now in progress.
Further discussion of the limltatlions of these reoulis is
given in Paragraphs 8 end 9 of the Appendix,

é‘f
_E

v e e 150

= o, is ine Dundemenlal frequency o) {ree, vibeaiion of Lhe besam,




ME T eReS b NPkt T Trbee MG BRWLETS r SEEED AR

A

b

T L

APEENDTY T

e ot oo e i e e e

-.‘_‘ —
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SUBJACTED TO A DROP-TEST TYPE OF TRIZNSVERSE TMPACT
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1. It is required to determine the maximum bgnding
stress in a cantilever heam, when the clamped end under-
goes a specified change of
motion, The ph vsical condi-
tions are illustrated in DA -mm«wa{ _4!*
Figure 2. A beam of small ey e
mass is clamped in a hori- ‘V¢4 v iyt Eﬂ Q'
zontal position to a heavy Z
tahle., The table is dropped

"on a flexible spring and the u
- direction of motion of the \
**table EN-E *Eversed sinusg o1dall Figure 3 R

ome 56uen:latufé terjé'used is given below:
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original straight pOSiﬁiﬁn‘ut ‘the instant
the table strikes the anvil (see Fig. 3)

-
E = Young's modulus of material of beam

o
It
o]

I= cros§ sectiona? mompnt of inertia of beam
T bd?/12 (see Fig. 3) , .

b = width of beam
d = depth of beam
T = length of bean

w = weight of hsam per uni

t length

accelerat.ion due Lo gravity

m
i

YV = striking velocity of table

» r% = Wabopplng frequency' o

RESTHICTED =Y -
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- -vrj.lﬂt-rg =

durstion time of impact
)

?r' = ::ifm

Ppin=1,2... e0) roots of frequency equation of cantilever,
1 + coshBpeosB,y= O

Ll o2
Oy Ezﬁn

Aﬁditionai notations used in the analysis are defined as
introduced,

natural frequencies of cantilever

L4

3( The deflection curve of the beam is the solution
of the equation

b 1 A |
~»3x..,“k2ﬁ e L

subject to'fhewbcundary'conditicns giéen’bélew
2. The initial

ang Les
‘during the impact are as follows:

t =0 : u=0, da=y . (20

These eXDrPS“ ;he cggdicions that the bar was lnitially
straight and moving with a velocity V, For 5“'5=, (ths-
impact period), the conditions at the free end of the bar

(x' % 0), are:

™ 2, \,, . ’I A 3-\\
u d “*u
e = = 0 . 2b)
(6x‘/ 3x3 (2b
o o
Also for t e, at the clamped end of the bar (x = L),
the conditions are assumed that
v 2u)
~ ginpt 3 ,
hs A * (’5 /L (2¢)

b. The conditions applying to the motion after
the impact, t » I y P2y be siaplified by taking = new time

coordinate o5 s U - m 5 B0 Phab b - o ‘UI_EHPUIU“ Lo Lhe
instant the impact is completed; and by superimposing a
velocity 4V on the entire system, co as to bring the table

£

to rest. If the defleciion and velocity functions of the
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beam at the completion of the impact are denoted as
alx, w/w) = F(x)
w (x, #/w) = G(x),

then the fsilowing conditions are required (using u'
to denote the displacement after the impact):
t'.: 0: ut(x) = F(x)
G = 6(x) WY
X = O (free end): _ézu')

. R : A
\‘“k'g ‘L (clamped,; [ixed end)s‘% 3(32:) = 0
o : lex
, , _ .
K "4, The solution of equation (1) for the motion

during the impact (0€ t % %/w ) may be obtained by
applying the Laplace transfcrma%%gn. The transform
wx, %) of ulx,t) 1s defired as

= (Rl

- S ax,\) =[mu(x,,t)e‘“ at
4O :

I

o « Equatlon (1} transforms to
i T,y.\.:

I

& e

£ bl

" - dp

. 5

: 4, X

& whore uw* @ - =

The complete solution of this esgualiosi ia

]
.5 — v , - - o o
2 1 ® .+ A cosh uXx + B osinh pX 4+ G cOo8 U¥ o+ 8an ux
b V4 i
k
HEEI R RN - -

(x,t')

(4a)

Q3w - B
:ﬁ e et BN R a;;}r*é g, (‘,.)xz )0 o A ,, . ﬁfii4’b), RS




where A, R, C, D are counstants to be determined so as to

: catisfy the transformed coraitlions at the ends of the bEaly
- derived from equatinns (3b) ard (3e¢). Evaluating these

" censtants, we obtain

{ coshys+éoaux ) cos hplecospl )-{ ginhyxss inyx %} { sinhul-ginul,

dx,0) - ¥ - - : 1 + coshulcos
2 »2(32) coshuLcosplL

Ry the Fourier-Mellin inversion theorem, (3) we have

: fa |
) ' n(x,t) = a (x,‘x)e“’ dx
' JBf |
@@ . Ihe evalustion of this line integral is obtaired by
' <# ] transfnrmjng the path of irtegration‘to a closed contour,

e o7 P na applying the caleulus of residues,— Poles of the inte=<
grand are as followa: :

(1) Double pole at A =20

LRI ¢

T TR ¥M‘§?ﬁﬁl?'dﬂq!§‘a§?ﬁm§?§ 1

(2) Simple poles ath = % i

(3) S5imple poles at roots of 1 + coshuLcospl =0

o

Twvalvating the residues at all
obtain, firally

IR o e Y W I .z
nese [)Ulb’b ara aGtings a2

aow L) csnat « 2V0R . % (X) sina b (6)
el . n n(m -a 2)

where

& () = . (coshp E+cosP X)(\,oshﬂ +coeh, )—(siﬂxﬁn§+sinﬁn§)(sinhﬁn——sini'fln)‘

COShEnSlX"xBn“S] nhfincosin

]

S 9:, (x) = (coshy %4—003?,%)(00811-,-- +CO8 Y }Jmnn) sl 1})( <;1niy:srmrl)

1+ (‘,osh}f cosy

—— m‘q’ur

fn = the ith root of ihe Irecuency aquation for a cantilever,
W Lo uu‘,h,,_l"""f'n = (3
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ay, = f—g By, = The nth natural freguency {radians/sec,) of the
cantilever,

It may be verified that this solution, eq. (6), satisfies
the differential equation (1), and the initial and termi-
nal conditions (3a) (3b) and (3c).

R A T T E T P
|
‘

i The solution of equation (1) for the motion
& following the impact (t2 n/w, or t' 3 o ) may be obtained
L % " . directly in terms of the characteristic functions of the -
© 7.~ cantilever beam. The normalized characteristie functions - el
for the cantilever are

X.. sinhBpn-sinBn ~ .3 x|
u (R) = l CoIpn==r COGpn%{- - LN L sinhf _’*’Sinﬁ T i
n JT L L coshBg+cosfy & ML "L J (M

The solutior is then taken as

i

Jo ey

L, - .
at(x,t) = > Up(x) ’-Pncésant' + Qnsinant'} (8)
n= - -

wiere Pn, 9n are constants to be detcrmined so as to give
the required displacement and velocity functlions at ©' = 0.
The followlng relations existu:

3P, = Fix) {9a)

500y 2 v (9b)




* - m
where —— s tam an »
Fa o il i ) ) ooshP,+cosfy,
: Flx) = w{x,n/e) = 2V0°)} g . TR TTon
Lot POl @0F=% ) COBMBL8INBp~sinhB,co=l,
n=1
3 . ; v w--(cosh +cosy ){coshy x~+cosy %)
oo a(x) = uix,n/0) = - 5-! Y LTy
& )

!“"

1+ cashjwcosyw

ELL

i k
RO RN I T
|

(sinhr-sin,—)(sinhyé-e—sirmx)‘ _

- L * coshycosy i
coshfi+eondy,

- ¢oshBnsinPp-sinhBcosfn -

. Multiplying equations (9a) and (9b) by U,(x) and integrating

-E , - from O-to-L, we have, & rce the U,'s are"ﬁE?mulizea,

b : ,

¢

5,

L By = [ F(x)U,(x)dx

Lo Jo

- .

orfdn = [EG(x)W} Un( x)dx
Jo
The integrals for Py, Qn may be evaluated by making use of
the properties of orthogonality of the characteristic
functions, and of the functions contained in F(x), G(x).
The Yollowing result is ’inally obtained,; after considerable

‘ simplification [is “‘ng t 25 defined ULLEinally):

: i NG *)cos & 90 y
% ut {x, )} = zv\ W(x)con & B . oanf. s TN 0%
| P SN Sy - B ) {i0)

s")’:’l ﬁﬂan ( e "‘.4“{) -

°
=

T {%), Py are the same as defined above for cquation (A)

AT
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It should be noted that the above result gives the wotion

of the beam (after the impact) which would be seon by an
. observer meving with the beam, at constant veleocity -V,
1t may be verified that this result, equation (1C), at =
t = wly gives the same displacement and velocity as does e

the solution for the motlon during impaet (&q.6).

Ay w

™
{

NUMERICAL EVALUATION

6, The curvaturs at the clamped end of the canti-
lever is first obtained from equation (&) and (1C) as
follows: ' : g

o (a) During impact:

St A T

- - A

- : S

Y o , ; , [ sinkpeing,
3%\ [_simyeinyy . | RE--Ebat ) P e
- = ot s
7 &

o g ' e tonh & &
v 2 1+Cdinr oos ¥ '
x ,fL L i

Lcosh Bhsind,-s inhﬁnc-;»::«-"in |

(b) After impuct:

pre e neTRRE At T TR ST 1A TR
ra
Q.

T
(-‘ -

'

i

: o (11b)
é» W (20 2. °98 7 [ sinnBsing, 1 _ i
i '5("'_5) =8 ) 102\ | mosiosind s immp oo, | Sinlant—s2m) '
5 d &x_,L Py Bn‘l-J%Z/ Lot n =AHEPR 'an

¢ =1 N ol

f E

These eguatlons canncl be applied when m = a,

[4

i.e
' ] :d Loy s
when the "stopuing Trequency” of the table 1% squal Lo any

TE

one of the natural rroeguencies, since in the above fora
they lead 1o 1naeterminzeies in  these cases. The limiting
values in those Yresonancs" cases may be shown Lo be finite,
and to ke giver: by the following:

!
:
]
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A
g
&
a
»;.-1
g
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(a) During imp act, for o - ayy P . g'i_l—ﬁ-»
/2 e
/o u'\ f N L7 '\ inhy 510y
vaTEy 47 55 4 coset + eotanhy +ecty ~ Blsinwt ke pe sy
Vigx= / N I. ¥ al ]‘ {0k cosy - coaliy siny
0 ) -
+ 4 oina,nt sinhﬁnamﬁn ) (128)

AfE ) foi?
(b) After impact, for ©=a, 7= pp‘nl’v—l—c—

B [
e 15{_-;‘:?-\,52\11 _!F ¥ —amnv sin\\r | sosit Coirsw
‘\c)-xe ;1 e L un"rsiny -.sinhy caaT J N . ;..- i B
on : . (12b
P Nl S“_’#}f?' f{si’f‘ﬂn -f et TOn. ‘
2w’

It may be checkad thet the above equations for the curva-
turez tefore and after impact agree at + « w/a .
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7. A convenient a'imen'nrmless form for these result
may be obtained by rewriting them in terms of the ratios

p = ®_ = Ustovping freguanav' of table o
T 4 fundamental frequency of cantilever
o= » time after start of impact

:.
S

duration time of Impact

The bending stress at the ~lamped end is glven by
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The equations expresszrg the
finally:
{a) During impact (o®

L
Et whera 4 1s the depth of the beam. We now write
i3
k{g?y L 2 IR M L g DL
.—{ ..,.’ = ae =% i j‘ow-— )...:‘. _.....c' ok :";";";“'k’ﬂ
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severity oi the impacit are,

€1)

2 ' 7 .
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_- 1 A l'ln-

6 B
o ‘ ‘i?Lj 2 Ay cos B L. s o
W vt/ 84 Mree v
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N Bn  cotanhp,-cotf),
In the''resonance" cases, @ = ap, these are repuaced by the

following equationa:
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Their yalues are (4):

e
1
_

P’l - 138?510

Bo = 469410

R R LT

ng 4 5611”

R T

e e,

Lnie Jmpﬁ,‘:i:, for U1
harding stress at the

A

_Tn all 0f the above, the values of B, are the roots of tHe
cantilever frequency cquati01«1 ! mepnwlqh « O,

2n-1 w
2

Q Y e e PR on .y o
» T ig is fonnd, by plotting 6 ve. ¥ for o serles
of values of £, that the maximum stress accurs during the

E
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of £ from 0.1 to 100, These maximum values of stress, after 1
the impact, have been obtained by adding the smplitudes of the
component oscillations, without regard for their phase rclation-
ships. The solution {(equations (13a) and (Ll4a)) shows that, as

£ is increased, the amplitudes of the higher harmonics are
increased, and it 1s this greater prominence of the high fre-
quency beam vibrations at larger values of f , that casusse

the maximum stress to continue to imcrease with £ , as shown
in Figure 2, It should be noted that although it is justifisble

Wil

to take the maximum stress as simply the sum of the amplitudes 4

of the component harmonics when < is not very large, it is &

not permissible to continue this up to arbitrarily large values L
‘ of £ @, If £ is large, say 1000, the above solution

Indicates that the naturzl frequencies of the beam which will
be prominent in the stress response, will be those up to about ;
the 20th harmonic, (since opp/ay = ézoz/ﬁl‘-' % 1000),
However, these high harmonics will not contribute to the bending
stresses in ths beam in the manner predicted by the above
..~ .. anglysim, due to the existence of internal dsuping, shear, an -
== -rotetiory inertia effects which are important in the high hap~"—-" - "~
~ .77 " monies, bt negligible in the low harmonics 1In fact, ths - o
diffyrential equation (L) for the transverse vibrations of a -
beam; which was uzed ss the bhasis of this anelyais, 1s an '
approximaie equation, valid only at sufficiently low trequencies,

77 E 13 A o ~ o Y L WaYa [ S T P (Y
. wgwever, for the range of f ITGH w WG aUU, Whiacn 15 0f :

| Kl

ol T R

- practical interest, lhs method used to calculate the maximum

' bending stresses probably gives a good approximation to the
actual valussz which would be obtained in a beam under the
assumed impact conditions. ’

Do mi@d e

9. With this restriction on the analytical results, the

variation of maximum stress with quration of impaut is found to 3
be basically different from that of the simple one-degree of N
freedom system, in which the defleviion becomas independent of ‘

the shortness of the lupact duraticvn at a value of f  soual "=
%o about 3. This concluslon, and tte extension of these results '
to impacts of arbitrarily short dursztion, must be checked by
-experimental woik, which is now in progress.
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